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1 Basic theory

1.1 Basic definitions and independence

Let 2 be the set of all possible outcomes of a (discrete) random experiment. We call 2 the
sample space of the experiment. For example, suppose our random experiment consists of
flipping a fair coin n times independently. Then we can represent (2 as

Q={(ay,...,a,) :a; € {0,1}}

where we encode heads as 1 and tails as 0.

A probability distribution over €2 is a function p : 2 — R such that > p(z) = 1. An event
e
is any set A C €, and the probability of this event is Pr[A] = > p(x). We will often just
p €A
write Pr instead of Pr when the distribution p is clear from context. Two events A, B C 2

p
are called independent, if Pr[A N B] = Pr[A]| Pr[B].
In words, we can define the probability of an event in a uniform distribution as

number of ways it can happen

Prlevent happens| =
[ PP ] total number of outcomes

In our example, the event that the first flip is heads is represented as the set

Al,l = {(17a2a cee 7an) Da; € {07 1}}

and similarly the event that the first flip is tails is

Al,O = {(07a27 cee 70Jn) ta; € {07 1}}

We can similarly define the events A, ; for the i-th flip to be heads, and A, , for tails. Since
the coin flips are independent, and since the coin is fair, we have that
p((ar,...,a,)) =Pr[Ai, N...NA,L.]
=Pr[Ai.]...Prid,.,]

1
= 5
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A (real-valued) random wvariable is a function X : 2 — R. In our example, the number of
heads is a random variable represented by the function

n

X((ay,...,a,)) :Zai

i=1
Two discrete real-valued random variables X, Y are called independent if

PriX=u2Y =y =Pr[X =x|Pr[Y =y]

for any z,y € R. The random variables X;, ..., X,, are called (jointly) independent if

PriXi=ux,....X, =2, =Pr[X; =] ... Pr[X, = z,]

for any z4,...,x,. Note that the variables X;, ..., X, can be pairwise independent with-
out being jointly independent! In our example, letting X; be the random variable that is
1 if the i-th coin landed heads and 0 otherwise (i.e., X;((a,...,a,)) = a;), the variables
Xi,...,X, arejointly independent.

1.2 Law of total probability

The law of total probability states that if we have events A;, A,, ..., A, which partition
the sample space (i.e., {2 is a disjoint union of these events), and B is any event, then

Pr[B] :zn:Pr[BﬂAi].

The law of total probability is also valid if we have a countably infinite partition into
events Ay, As, ..., A,, ..., in which case

Pr[B] —iPr[BﬁAi].

1.3 Conditional probability

Conditioning on something means assuming with certainty that this thing will happen.
Formally, the probability of event A conditioned on event B is defined as

Pr[AN B]

PrAIB] = = s

or, in words, the probability that both events happen, divided by the probability that B
happens. The intuition is that we focus only on the part of our sample space €2 on which
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B happens (i.e. the subset B C (2), and we make this our new sample space. Then the part
of A that matters is only the intersection A N B, and furthermore, since B doesn’t have
the full probability mass but only Pr [B], we need to scale by ﬁ to normalize, hence the
formula.

To see that this is indeed a valid probability, note that

Pr[AN B] + Pr[AN B|

Pr[B] =1

Pr[A|B] + Pr[A|B] =

From the above definition, we also get the following useful relation, called Bayes” rule:

Pr[A[B] = Pr[BPlﬁ]Blz]’r[A]

Using conditional probability, we obtain a formula for the probability of an intersection
of events, even if the events are not independent.

PI'[Al N A2 <N An] = PI'[Al] PI'[A2|A1] ce Pr[An|A1 N A2 N---N An—l]

The above is often called the “chain rule” of conditional probability.

1.4 Union bound
Consider events Ay, ..., A, C Q, where 2 is a sample space. Then we have

U

=1

Pr

The proof is quite natural: we have

n

Pr UAi = Z p(w)
1=1 weur 1 A;
<D D pw) =) PrlA].
i=1 wed, i=1

This technique is commonly used when we want to provide a bound on the probability
that at least one event happens, from a family of events. We upper bound this probability
by the sum of the probabilities of the individual events. This is tight when all the A; are
disjoint.
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1.5 Expectation
For a discrete real-valued random variable X taking possible values z, ..., z,, the expec-
tation is defined as

EMJ:E:H$¥:%Mi

Linearity of Expectation
Given random variables X, ..., X,, and X = )" | X;, we have

ZXi] = Z]E [ Xi]

In words, the expected value of the sum of random variables is equal to the sum of the
expected values. A very important takeaway from this result is that it holds even if the
random variables are not independent. This will be used frequently when we have to find
the expected value of a sum of random variables when they might not be independent.

E[X]=E

Multiplicativity of expectation under independence
Another cool property of expectation is that the expectation of a product of independent
variables is the product of individual expectations:

E[XY]=E[X]E[Y].

To see this, it is easiest to start manipulating the right side. Suppose X can take values in
S and Y can take valuesin 7', and let W = {zy : x € S,y € T'}. Then we have

EX|E[Y]=) ) PriX =a|Pr[Y =ylay

zeS yeT

:ZZPr[X:x,Y:y]xy

zeS yeT

:Z Z Pr(X =z,Y =yla

a€W (z,y)eSxT:xy=a
=) Pr[XY =dla=E[XY].
aeW
1.6 Variance

For a discrete real-valued random variable X, the variance is defined as

Var [X] = E [(X — E[X])’]
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Intuitively, the variance captures how far the random variable is from its expectation in a

squared, expected sense. Note that this can be alternatively expressed as
E[(X -E[X])’] =E [X? - 2XE [X] + E [X]?]

E|
[X?] - 2E [XE [X]] + E [X]?
[

=E
=E [X?] - 2E [X]* + E [X]?
=E [X?] —]E[X]Q.

Linearity of variance under pairwise independence.

An important property of the variance is that it is additive when the summands are pair-
wise independent random variables. That is, if X, ..., X, are pairwise independent ran-
dom variables, we have

To see this, note that

Var [z": X;
i=1

(&) |- (=)

_ZE [X7] +22E (X X] ZE[X] —QZE[Xi]E[Xj]

z<] i=1 1<j

:ZE[XE} —ZE[X ?

where we used the fact that E [XY] = E [X] E [Y] for independent X, Y.

1.7 Examples

1. Suppose we pick a uniformly random permutation of n elements. What is the ex-
pected number of fixed points in it?

Solution. Let X; = 1 if the i-th element is a fixed point and X; = 0 otherwise. The

total number of fixed points is X = ) X;. By linearity of expectation,
i=1

:ZE[XZ»] :ZPr[XZ-: 1] :Z% =1
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2. For each of the following distributions, compute their expectation and variance: (1)
Uniform in [n], (2) Bernoulli with success probability p.

Solution.
(1) We have
1. 1nn+1) n+1
E[X]_;El_ﬁ 2 2
and
Var(X) - Bx7) - (B = Y- L - (L))
N B —n 2
_ln+DE2e+1) (n+1)? nP-1
n 6 4 12
2)

EX]=p-1+(1-p)-0=p
Var[X] =E[X?] — (E[X])* =p - 1>+ (1 —p) - 0> — p* = p(1 — p)

3. Suppose Barr flips 6 fair coins. What is the probability that result is three heads and
three tails? Suppose furthermore that Barr has to pay $1 to flip 6 coins. What is the
expected number of dollars she must pay until she sees the result of three heads and
three tails?

Solution. The probability space can be represented as @ = {(a1,...,a6) : a; €
{0,1}}. The event of getting three heads is then A = {(ay,...,a6) : >.v_,a; = 3}.

Since every possible choice (ai, ..., ag) has the same probability 55, we have
A _G) 5
Pridl =3 =% = 1

For the second part, we're in the following general situation: we have a Bernoulli
(i-e., {0,1}) random variable X such that Pr [X = 1] = p, and we sample indepen-
dent copies X1, X, ... of X. We want to know what is the expected time E [T'] such
that X7 = 1 for the first time. Well, we have

Pr[T =t]=Pr[X;=0,..., X, 1=0,X,=1=(1-p)'p
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and hence

So, we get a very neat result: the expected number of independent trials until a
Bernoulli random variable with probability of being 1 equal to pis 1 is ]l).

Applying this to our case, the expected number of dollars will be 2.

This calculation can be simplified using the following identity which holds when-
ever T ranges over the natural numbers:

E[T]:iPr[T>t]

4. Barr flips a fair coin n times, and so does Derrick. Show that the probability that they
get the same number of heads is (*') /4". Use your argument to verify the identity

() -C)
k)] \n
k=0
Solution. Let our probability space be 2 = {(a1,...,an,b1,...,b,) : a; € {0,1},b; €
{0,1}}, where a; = 1 if the i-th flip of Barr was heads and 0 otherwise, and b, = 1

if the i-th flip of Derrick was tails, and 0 otherwise. Note that we encode heads and
tails in opposite ways for Barr and Derrick.

Then note that the event that they flipped the same number of heads is

A= {(al,...,an,bl,...,bn):iai: Y (1_bi)}
= {(al,...,an,bl,...,bn):zn:ai+zn:bi:n}

i=1 =1
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which immediately tells us that Pr [A] = (2;771) as wanted.

Now, note that we could have computed the same probability with a different prob-
ability space: namely, the one where we encode heads and tails in the same way.
Here 2 = {(ay,...,an,b1,...,b,) 1 a; € {0,1},b; € {0,1}}, where a; = 1 if the i-th flip
of Barr was heads and 0 otherwise, and b; = 1 if the i-th flip of Derrick was heads,
and 0 otherwise. Now we have

A= {(al,...,an,bl,...,bn) : ia@- :ibi}
i=1 i=1

We can calculate the probability by considering all the different possible numbers of
heads that the two players can have (we’re using the law of total probability here):

Pr[A] :ZPr _Aﬂzn:ai:k]
=> Pr iai:ibi:k]
:zn:Pr _Zn:ai:k] Pr lzn:bi:k]

k=0 Li=1 =1

_y W

Comparing the two expressions, we get the desired identity.
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2 Concentration Inequalities

Concentration inequalities are tools that allow us to bound the probability with which a
random variable can be far from its expectation. There is a vast number of concentration
inequalities corresponding to the different assumptions on the random variable.

For example, if a random variable is a sum of many independent random variables, intu-
itively it seems very (exponentially in the number of summands) unlikely for all individ-
ual random variables in the sum to conspire to bring the value of the sum away from its
expectation. As we’ll see below, in such a situation we in fact have theorems saying that
deviating from the expectation is exponentially unlikely, as one intuitively expects.

2.1 Markov’s Inequality.

Let Y be a discrete random variable taking non-negative values in the set S. Then for any
a>0,
E[Y]

a

PrlY > a] <

A nice feature of this inequality is that it only depends on the expectation of the random
variable.
Proof.

EY] =) yPrlY =yl= Y yPrY =y|+ > yPr[Y =y

yes yeS,y<a yeS,y>a

> Z yPrlY =y| > Z aPrlY =y| =aPrly > q] il

yeS,y>a yeS,y>a

This is tight when Y is a with probability 1. Markov’s inequality is important because
it ties the probability of a random variable being greater than some threshold to the ex-
pected value of the random variable. What’s not obvious though is that it can also be
extended to prove much more powerful inequalities.

2.2 Chebyshev’s Inequality.

Let X be a random variable with expected value p and strictly positive variance 0. Then
for all real £ > 0:

0.2

PrllX —ul 2 k] < 5
What this is saying is that the probability that X is a distance from the mean is related
directly to the variance and inversely to the squared distance. In general Chebyshev’s
inequality provides us with a stronger bound than Markov’s inequality because we utilize

the variance of the random variable.
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Proof.  Since (X — u)? is a nonnegative random variable, by Markov’s inequality we get

E[(X — p)?
Pr(X — p)? > ) < U )
0.2
PriX —pu>k] < =) |
2.3 Chernoff Bounds.
Suppose Xi,..., X, are independent random variables taking values in {0,1}. Let X

denote their sum and let 4 = E[X] denote the sum’s expected value. Then for any 3 > 0,

o Pr[X > (14 f8)u] <e P13 for0< <1
o Pr[X > (14 B)u) < e P53, for g > 1

o Pr[X < (1—pB)u <e 2 for0<p <1

This allows us to get an even tighter bound because we can use the fact that the random
variables exhibit full mutual independence. Note that this is a stronger assumption than
pairwise independence! There are groups of random variables which are all pairwise
independent but which are not mutually independent.

24 Examples

1. Let’s say that we flip a biased coin that lands heads with probability 1 a total of n
times. Use Chernoff bounds to determine a value of n such that the probability of

getting more than half of the flips heads is less than .

Solution. Let X; be a random variable that is 1 if the i-th flip landed heads and

n

0 otherwise. If we denote X = >  X;, we want to find the smallest n such that
=1

Pr[X > %] < -

Note that p = E[X] = > E[X;] = }_ 5 = 2. Applying Chernoff bounds from the
i=1 i=1

previous section with 3 = % we get

3 2
Pr[X > 5@] < e~ (/23

& Pr[X > g] < /30

So for e /%% < 1/1000 < n > 361og 1000 ~ 250 we have the required bound.
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2. Bar the bear decides he wants to manage beehives in his old age. He’s just received k
bees that he wants to allocate to his n beehives. Since Bar is old, he often loses count
when trying to allocate the bees to beehives. He decides to just allocate the bees
randomly to his hives. That is, for each bee, he chooses a beehive uniformly at ran-
dom. Help Bar prove that his strategy yields an approximately uniform distribution
of bees with high probability.

(@) Let X; be the number of bees in the i-th beehive. Compute E[X].

Solution. Let Y}; be 1 if the j-th bee is allocated to the i-th beehive, and 0
otherwise. We have E[Y};] = Pr[j-th bee is put into i-th beehive| = 1/n.

Then X, = E] Y, s0 E[X;| = E] LB JZ]:Zle 1/n=Ek/n.

(b) Show that X; and X; are not independent.

Solution. We see that Pr[X; = kN X; = k] = 0. However, Pr[X; =
k] Pr[X; = k] = (1/n)?*. Thus, X; and X; are not independent.

(c) Let M = max(X;, Xo,..., X,). Show Pr[M > 2k/n] < ne */Gm),
Solution. The idea is to use Chernoff bounds to show that Pr[.X; > 2k/n]
is small and then use the union bound to bound the probability that
any of the X; variables is greater than 2k/n. Recall that X; = Y% i1 Yii-
We have Pr[X; > (1 + §)E[X;]] < e FXd/3 by Chernoff. Thus, we
get Pr[X; > 2k/n] < ¢7*©" and by union bound Pr[M > 2k/n] <
S PrX; > 2k /n] < 3T e RGN = pemk/Bn),
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3 The Coupon Collector problem

Suppose there are n different kinds of coupons, and we want to collect at least one coupon
from every kind. We start out with nothing, and at each step, we get a new random
coupon, equally likely to be any of the n kinds, and independent of the previous coupons.
This is known as the coupon collector’s problem.

¢ What is the expected time 7" when we’re done collecting?
* What is the variance of 77?

¢ Use Chebyshev’s inequality to bound the probability that 7" deviates far from its
expectation.

Solution. Let 7; be the random variable equal to the first time we have ¢ different kinds
of coupons. Then, we can break the total time to collect all kinds of coupons 7;, into the
phases between getting a new kind of coupon:

ET]=EMN+(Ta-T)+...+ (T, —Th_1)]
=EN|+ET-NT]+...+E[T, —T,1].

Now let’s think about the random variable T}, — T} it is the time it takes us to geta £+ 1-
th coupon given that we already have k£ coupons. No matter what kinds of coupons we
have already, the probability that we get a new coupon is 2=* in each step independently.
This is identical to the earlier problem where we had a Bernoulli random variable X such
that Pr [X = 1] = p, and we showed that the expected time until it becomes 1 for the first

time is zlf Thus, E [Tiy1 — Ti] = -, and
n
E|T,=1 R
T,] to—g ety
1 1 1
=n|—-+ +...+ - ) =nH,
n n-—1 1

where H, is the n-th harmonic number. It is known that H,, = ©(logn) (which can be
proved using an integral among other methods), hence E [T] = O(nlogn).

For the variance, note that the random variables 7}, — 7} are independent. Indeed, if
k >, we have

Pr(To1 — Ty =t Tiyn — T = t)) = Pr [Thsr — To =t | Tiga — T, = ;] Pr [Ty — Ti = 1))

Now, note that conditioning on 7;;; — 7; = ¢; has no effect on the probability that 7}, —
T}, = ty, since the future coupons we get are independent of the past. Hence the above is

=Pr([Thp — T =ty Pr [T — T = 1]
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which shows that the random variables are indeed independent. This means that
Var [T, =Var [T\ + (I — T1) + ... + (T}, — T),—1)]
= Var 1]+ Var [T, — T1| + ...+ Var [T,, — T,,_]

Now we're faced with the general task of computing the variance of the random variable
T which is the first time that a Bernoulli random variable X with Pr [X = 1] = p becomes
1. We have

Pr[T=t]=(1-p)"'p

and as we saw earlier, E [T] = %. It remains to compute

We could compute this sum by decomposing it into simpler sums in a clever way. But
here’s a useful (and more principled) trick for computing sums like this: consider the
function f(z) = {= for |z| < 1. Then we have the power series expansion

_ 2 _ n
—— =l+o+a +..._nzzox
Differentiating both sides, we have
c=1+20+432%+... =) (t+1)a'
(1—2) =0
and differentiating again,
=246+ 122°+... = t+1)(t + 2)at
(e + 62 + 122° + ;( +1)(t+2)x

Using this, we have

[e.9] o0

dA-p)T=> (1-p) Tt +1) -

t=1

(1—p) 't

WE

t

Il
—

o0

(L=p)(t+1)(t+2) =) (1-p) t+1)

t=0

e IMe ]

1
P
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and so

Var [I| =E [T?] - E (777

B 2 B 1 _ 1 B 1—p
P p p p?

which implies that

L - ”;k - nk ) 1 5

Var [T,] = n—k\2 (n—k)QSnZZ_QS%
k=1 (T) k=1 =1



